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Quantitative uniqueness for the power

of the Laplacian with singular coefficients

CHING-LUNG LIN, SEI NAGAYASU AND JENN-NAN WANG

Abstract. In this paper we study the local behavior of a solution to the l-th
power of the Laplacian with singular coefficients in lower order terms. We ob-
tain a bound on the vanishing order of the nontrivial solution. Our proofs use
Carleman estimates with carefully chosen weights. We will derive appropriate
three-sphere inequalities and apply them to obtain doubling inequalities and the
maximal vanishing order.
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1. Introduction

Assume that ! is a connected open set containing 0 in Rn for n ≥ 2. In this paper

we are interested in the local behavior of u satisfying the following differential

inequality:

|"lu| ≤ K0
∑

|α|≤l−1
|x |−2l+|α||Dαu| + K0

[3l/2]∑

|α|=l
|x |−2l+|α|+ε |Dαu|, (1.1)

where 0 < ε < 1/2 and [h] = k ∈ Z when k ≤ h < k + 1. For (1.1),

a strong unique continuation was proved by the first author [9]. A similar re-

sult for the power of the Laplacian with lower derivatives up to l-th order can

be found in [2]. On the other hand, a unique continuation property for the l-th

power of the Laplacian with the same order of lower derivatives as in (1.1) was

given in [12]. The results mentioned above concern only the qualitative behav-

ior of the solution. In other words, they show that if u vanishes at 0 in infinite

order or u vanishes in an open subset of !, then u must vanish identically in !.

The first and third authors were partially supported by the National Science Council of Taiwan.

Received November 18, 2009; accepted in revised form April 22, 2010.


